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Modifying the theory of gravity by changing independent vari-
ables
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1Saint Petersburg State University, Saint-Petersburg, Russia
Abstract. We study some particular modifications of gravity in search for a natural way
to unify the gravitational and electromagnetic interaction. The certain components of
connection in the appearing variants of the theory can be identified with electromagnetic
potential. The methods of adding matter in the form of scalar and spinor fields are studied.
In particular, the expansion of the local symmetry group up to GL(2,C) is explored, in
which equations of Einstein, Maxwell and Dirac are reproduced for the theory with Weyl
spinor.
1 Introduction
The gravity have been described by General Relativity (GR) for more than hundred years. In spite of
this, various modifications of this theory are still being discussed. One of the reason for this is the
inability to construct a correct quantum theory of gravity. In the classical theory, within the framework
of the modified theory, one can try to solve problems of dark energy, dark matter and the problem of
energy. Another aim of modification is the construction of the unified theory of gravity and other
interactions.
The alternative description of GR in which metric and connection are considered as independent
variables is well studied, see for example [1]. It is called Palatini formalism. Usually this approach
is equivalent to the GR. More interesting results are obtained if one considers Palatini formalism with
one more generalization, namely nonsymmetric connection. This approach we will discuss in this
paper. For the first time such approach with symmetric metric was proposed only in the second half of
the twentieth century [2], [3]. It turns out that this theory can be interpreted as unified theory of gravity
and electromagnetism, however, some additional assumptions were used by the authors to introduce
a matter in the theory. A more natural way to add a classical matter in such theory was proposed in
[4], [5].
In present work the study of Palatini formalism with nonsymmetric connection is continued. Ad-
dition of matter in the form of scalar and spinor field are described. The tetrad formalism is used to
describe spinor field and the expansion of the local symmetry group up to GL(2,C) is studied.
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2 Palatini formalism with nonsymmetric connection
First, let us consider the Einstein-Hilbert action without matter in a standard form:
S 1 = −
1
2κ
∫
d4x
√−ggµνRµν(Γ), (1)
where κ is the Einstein gravitational constant, Rµν is Ricci tensor, g ≡ det gµν. The main differences
between this action and the standard one are that the Ricci tensor depends only on the connection and
connection is an independent nonsymmetric variable. For the first time such action was considered by
Einstein [5], but he also assumed that the metric is nonsymmetric too.
It is easy to show that the theory with action (1) is completely equivalent to the GR. To do it let us
introduce the new quantity Γˆαµν, which is equal to the difference between the independent connection
and Christoffel symbols Γ¯αµν(g), which are expressed in a standard way through the metric:
Γˆ
α
µν = Γ
α
µν − Γ¯αµν(g). (2)
Using this relation, one can write the expression for a curvature tensor in such form:
Rµναβ = R¯
µ
ναβ(g) + D¯αΓˆ
µ
βν
− D¯βΓˆµαν + ΓˆµαξΓˆ
ξ
βν
− Γˆµ
βξ
Γˆ
ξ
αν, (3)
where R¯µναβ(g) is a Riemann tensor, which is expressed in a standard form using the Christoffel
symbols, and covariant derivative D¯β includes the Christoffel symbols only. Then the action (1) can
be written as (omitting the surface terms)
S 1 = −
1
2κ
∫
d4x
√−g(gµνR¯µν(g) + ΓˆµµξΓˆ
ξ
βα
gβα − Γˆµ
βξ
Γˆ
ξ
µαg
αβ) =
= S¯ 1 −
1
4κ
∫
d4x
√−gΓˆµαγΓˆδβνLµαγ,δβν, (4)
where R¯µν(g) ≡ R¯αµαν(g) and
Lµ
αγ,
δ
βν
= δ
γ
δ
δαµg
βν − δγ
δ
δ
β
µg
αν
+ δ
β
δ
δνµg
αγ − δαδδνµgγβ (5)
is a 64× 64 matrix. It has the symmetry property: LIK = LKI , where multindex I ≡
{
µ
αγ
}
and it is easy
to verify that this matrix has 4-dimensional zero proper subspace: Lµ
αµ,
δ
βν
= 0.
Let us split Γˆ to the traceless and trace parts:
Γˆ
α
µν = Γ˜
α
µν︸︷︷︸
Γ˜
α
µα=0
+
1
4
Bˆµδ
α
ν︸ ︷︷ ︸
Bˆµ=Γˆ
α
µα
. (6)
Using this notations one can express the action S 1 in the following form:
S 1 = −
1
2κ
∫
d4x
√−ggµνR¯µν(g) −
1
4κ
∫
d4x
√−gΓ˜µαγΓ˜δβνLµαγ,δβν. (7)
The first term is a standard Einstein-Hilbert action, which depends only on the metric, and the second
one is an additional contribution. However, it is easy to calculate that the last term does not change the
equations of motion at all, because after variation with respect to Γ˜
µ
αγ one can obtain Γ˜
µ
αγ = 0. Thus
after variation we get the standard Einstein equations. It means that this theory reproduces the GR.
3 Addition of matter
3.1 A classic point-like particle
The most simple case of matter is a classic point-like particle. This variant was described in detail
in [4], here we give briefly the results. Classical particle is described by standard action in a curved
space-time:
S m = −m
∫
dτ
√
x˙µ(τ)x˙ν(τ)gµν(x(τ)), (8)
where m is a mass of particle and xµ(τ) describes the world line of the particle. The interaction of
classical particle with the connection is introduced to get a more general theory. One of the simplest
ways is
S int = −q
∫
dτx˙µ(τ)Bˆµ(x(τ)), (9)
where q is a parameter. It turns out that to get a self-consistent theory we need to add one more term
to the total action. It is the kinetic term which can be written in different ways, but again the most
simple case is chosen
S 2 = −
1
16π
∫
d4x
√−gRµµαβRννρσgαρgβσ, (10)
where contraction of curvature Rµµαβ is so-called segmental curvature, which depends only on Bˆµ
(using (3)):
Rµµαβ = ∂αBˆβ − ∂βBˆα. (11)
As a result, the total action consists of four terms: S = S 1 + S m + S int + S 2. It depends on three
independent variables: the metric gµν, the coordinate of the particle x
µ(τ) and the connection Γ
µ
αγ. The
full system of motion equations is the following:
Γ˜
α
µν = 0;
R¯µν − 12 R¯gµν = κ(T1µν + T2µν);
D¯µF
µν
= 4π jν;
muµD¯µu
α
= −quξFξα,
(12)
where Fµν ≡ Rααµν, jν = q
∫
dsuνδ(x − x(s)) 1√−g is a four-current of relativistic particles if q is
considered as an electric charge, T1µν+T2µν = ρmuµuν− 14π (FµαFνα− 14gµνFαβFαβ) is the stress-energy
tensor of a relativistic particle and electromagnetic field, where ρm = m
∫
dsδ(x − x(s)) 1√−g is a mass
density and uµ = x˙µ 1√
x˙α x˙βgαβ
is a four-velocity. The role of electromagnetic potential is played by trace
part of connection Γˆαµν, i.e field Bˆµ. Thus the modification of gravity with the action of the gravitational
field S 1 + S 2 and interaction with particles in the form S int turns out to be completely equivalent to
the Einstein-Maxwell theory with matter in the form of a pointlike particles.
3.2 Scalar field
From the modern point of view, more interesting case is a theory with a matter in form of fields. If
one add a scalar field ϕ in such theory it is necessary to change terms S m and S int for S ϕ:
S ϕ =
∫
d4x
√−g((∂µ + iBˆµ)ϕ)∗(∂ν + iBˆν)ϕ)gµν. (13)
We choose this form of action because it looks like the one in a standard approach, but there is a field
Bˆν instead of electromagnetic potential. Hence in this case the total action consists of three terms:
S 1 + S 2 + S ϕ. This theory depends on three independent variables: the metric gµν, the connection Γ
µ
αγ
and scalar field ϕ.
The equations of motion again reproduce the Einstein-Maxwell theory. The quantity Γ˜
µ
αγ is equal
to zero again due to the equations of motion.
3.3 Spinor field
If we want to consider a spinor field, we need to introduce new objects. First of all instead of metric
it is necessary to consider a tetrad eaµ, which is related to the metric by relation
gµν = e
a
µe
b
νηab, (14)
where ηab is a flat metric. Also one need to define a Riemannian spin-connection ω¯µ
a
b from the
condition that the Riemann covariant derivative of the tetrad is equal to zero:
D¯µe
a
ν = ∂µe
a
ν − Γ¯αµνeaα + ω¯µabebν = 0 −→ ω¯µab = Γ¯αµνeaαeνb − eνb∂µeaν . (15)
Now there are two connections: coordinate connection Γαµν and spin-connection ω¯µ
a
b. The last one
depends on Christoffel symbols, e.g. on metric, which contains tetrads. Therefore Γαµν and ω¯µ
a
b
are not related to each other. We can proceed similarly to what was done above for a scalar field.
Namely, one can write the standard action for the spinor field, which interacts with spin-connection
ω¯µ
a
b and electromagnetic potential, but replacing the field Bˆν in a place of electromagnetic potential.
As a result the quantity Γ˜
µ
αγ will be equal to zero again and we get a trivial unification of gravity and
electromagnetism.
However, one can consider a more natural unification. Namely, let us extended local symmetry
group from S O(1, 3) ≈ S L(2,C) to GL(2,C). For the simplicity, let us consider Weyl spinor χA (here
and below A = 1, 2) instead of Dirac spinor. We use (χA)∗ ≡ χA˙ for a complex conjugate spinor. To
consider GL(2,C) local group we need to introduce independent tetrad in this form
e
µ
AB˙
=
1√
2
σa
AB˙
e
µ
a; (e
µ
AB˙
)∗ = eµ
BA˙
. (16)
There is a problem from very beginning, because group GL(2,C) does not contain any universal
tensor to construct a metric tensor. Therefore we need to replace the antisymmetric quantity εAB by
new arbitrary antisymmetric field EAB, which must be proportional to εAB:
EAB(x) = ϕ(x)εAB, (17)
where ϕ(x) is some nondegenerate field. Therefore metric has this form
gµν = e
AB˙
µ e
CD˙
ν EACEB˙D˙. (18)
From the geometric reasons connection Γαµν can be related with independent GL(2,C) spin-
connection ωµ
A
B by the condition that the general covariant derivative of the tetrad is equal to zero:
Dµe
AB˙
ν = ∂µe
AB˙
ν − ΓσµνeAB˙σ + ωµACeCB˙ν + ωµ B˙D˙eAD˙ν = 0. (19)
So the expression for connection is following
Γ
α
µν(ω) = e
α
AB˙
(∂µe
AB˙
ν + ωµ
A
Ce
CB˙
ν + ωµ
B˙
D˙e
AD˙
ν ). (20)
Therefore now independent variables are tetrad e
µ
AB˙
, field ϕ(x), spinor χA and spin-connection ωµ
A
C
instead of connection Γαµν .
We use the Einstein-Hilbert action (1) as the basic action of the theory. Instead of (10) let us
consider action
S˜ 2 = −θ
∫
d4x
√−ggαµgβνFAAαβFBBµν, (21)
where FABµν = [∂µων
A
B + ωµ
A
Cων
C
B]µν is a standard tension tensor, but depends on GL(2,C) spin-
connection. The role of the action of matter is played by standard action for Weyl spinor
S χ =
∫
d4x
√−g(iχA˙eµ
BA˙
Dµχ
B − iχAeµ
AB˙
Dµχ
B˙), (22)
where Dµχ
B
= (δA
C
∂µ + ωµ
A
C)χ
C consist of general GL(2,C) spin-connection ωµ
A
C . If one make this
change of variables:
eAB˙µ −→ e˜AB˙µ = eAB˙µ |ϕ|; (23)
χA −→ χ˜A = χA
√
|ϕ|, (24)
then field ϕ is fell out from the action at all. This means that we have a possibility not to consider the
field ϕ as an independent variable.
As we did it above for the connection Γαµν let us split spin-connection to the traceless part and
imaginary and real trace parts
ωµ
A
B = ω˜µ
A
B︸︷︷︸
ω˜µA A=0
+
1
2
(iAµ + Bµ)δ
A
B. (25)
Using this notation it is easy to find quantity FAAµν from (21):
FAAµν = 2(∂µ(Bν + iAν) − ∂ν(Bµ + iAµ)). (26)
Let us define ωˆµ
A
B which is equal to the difference between traceless part of GL(2,C) connection
and Riemannian spin-connection:
ωˆµ
A
B = ω˜µ
A
B − ω¯µAB, (27)
where Riemannian spin-connection ω¯µ
A
B is traceless and defined from this relation:
∂µe˜
AB˙
ν − Γ¯αµνe˜AB˙α + ω¯µA˙C˙ e˜BC˙ν + ω¯µBDe˜DA˙ν = 0. (28)
Spin-connection ωµ
A
B can be written in the following form, using the notations introduced above
ωµ
A
B = ω¯µ
A
B + ωˆµ
A
B +
1
2
(iAµ + Bµ)δ
A
B. (29)
It is useful decomposition, because we can consider separately ωˆµ
A
B, Aµ and Bµ as independent vari-
ables instead of more complicated ωµ
A
B. Also one can find relation between traceless part of connec-
tion Γ˜αµν and ωˆµ
A
B, using (19) and (27):
Γ˜αµν = 2Re(ωˆµ
F
De˜
BC˙
α e˜
DA˙
ν εA˙C˙εFB). (30)
From this relation and using traceless of ωˆµ
F
D, one can find the antisymmetry property: Γ˜αµν =
−Γ˜νµα. Hence Γ˜αµν and ωˆµAB have the same number of degrees of freedom, therefore they are uniquely
connected with each other. Thus Γ˜αµν can be considered as an independent quantity instead of ωˆµ
A
B.
Let us get back to the action, which consists of three terms: S = S 1+ S˜ 2 +S χ. Using the notations
introduced above (see equations (7), (22)-(26), (29)), one can rewrite it in the following form
S = − 1
2κ
∫
d4x
√−ggµνR¯µν−
− θ
∫
d4x
√−ggαρgβσ((∂αAβ − ∂βAα)(∂ρAσ − ∂σAρ) + (∂αBβ − ∂βBα)(∂ρBσ − ∂σBρ))+
+
∫
d4x
√−g(χ˜A˙ie˜µ
BA˙
(δBC∂µ + ω¯µ
B
C + iAµδ
B
C)χ˜
C
+ h.c.)−
− 1
4κ
∫
d4x
√−gΓ˜µαγΓ˜δβνL˜µαγ,δβν +
1
2
∫
d4x
√−gEβανµΓ˜ανµχ˜A˙e˜βBA˙χ˜
B, (31)
where L˜µαγ,δβν is an antisymmetric part of Lµαγ,δβν on the µ, γ and δ, ν indices. We consider L˜µαγ,δβν
as 24 × 24 matrix, which is acting on 24 components of Γ˜δβν (taking into account the antisymmetry
property of Γ˜δβν). The connection Γ˜
ανµ is contained only in the last two terms. If one varies the action
with respect to Γ˜ανµ, the following equation is obtained
Γ˜µαγ = κL˜
-1
µαγ,δβνE
σδβν jσ, (32)
where jβ = χ˜A˙e˜
β
BA˙
χ˜B and L˜-1
µαγ,δβν
is inverse matrix of L˜µαγ,δβν. Substituting this back into the last two
terms, one can see that they are equal to zero. It is happened due to the fact that terms are proportional
to square of current jβ, which is zero because of involution symmetric with antisymmetric:
jα jβgαβ = χ˜
A˙e˜α
BA˙
χ˜Bχ˜C˙ e˜
β
DC˙
χ˜Dgαβ = χ˜
A˙χ˜Bχ˜C˙χ˜DεBDεA˙C˙ = 0. (33)
Thereby the total action fully coincides with the action in standard Einstein-Maxwell-Dirac approach,
with the exception of term with massless field Bµ. This field interacts only with gravity and we can
interpret it as dark photon. The role of electromagnetic potential is played by Aµ which is imaginary
part of trace GL(2,C) spin-connection. Thus, within the framework of this approach, a theory equiva-
lent to Einstein-Maxwell-Dirac was obtained. It is important that the square of current jβ is vanished
only for Weyl spinor. If we consider Dirac spinor, the last two terms from (30) will give contributions
to the motion equations proportional to κ.
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